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Motivation

For the full theory of arrays, satisfiability is undecidable (FOL), in contrast
to satisfiability of a quantifier-free fragment. Motivated by applications to
program verfication, the authors study a decision procedure for satisfiabili-
ty in an expressive fragment of a theory of arrays, which is parameterized
by the theories of the array elements. The decision procedure reduces sa-
tisfiability of a formula of the fragment to satisfiability of an equisatisfiable
quantifier-free formula in the combined theory of equality with uninterpre-
ted functions (EUF), Presburger arithmetic, and the element theories. This
fragment allows a constrained use of universal quantification, so that one
quantifier alternation is allowed, with some syntactic restrictions. A decisi-
on procedure for a theory of arrays is of interest for applications in formal

verification, program analysis and automated theorem proving.

Definitions

Definition 1 (Theories) The theory of arrays uses Presburger arithme-

tic for array indices and the parameter element theories T, ... T™ . for
m > 0, for its elements. Assume each T has signature XF, . Tx then has

stgnature
Ya=3z7U U kU {read, write}
k

Definition 2 (Array Property) An array property is a formula of the

form
(V4) (61 (1) = ¢v (4))
where 1 is a vector of index variables, and ¢ (i) and ¢y (i) are the index

guard and the value constraint, respectively.



The form of an index guard ¢r (i) is constrained according to the following

grammar
iguard - iguard A iguard | iguard V iguard | atom
atom — expr < expr| expr = expr
expr — wvar | perpr
pexpr — Z|Z-evar | pexpr + pexpr

where uwvar is any universally quantified variable, and evar is any existenti-

ally quantified integer variable.

The form of a value constraint ¢y (i) is also constrained. Any occurence
of a quantified index variable i € i in ¢y (1) must be as a read into an array,
ali], for array term a. Array reads may not be nested; e.g. ailasli]] is not

allowed.

The following table lists some examples of array properties.

FEquality a="b< (Vi) (ali] = bi])
Bounded Equality beq(l,u,a,b) < (Vi) (I <i<wu - ali] = bli])
Sorted sorted(l,u,a) < (Vi,7) (1 <i < j <u-ali] <alj])

Definition 3 (Array Property Fragment) The array property fragment
of Ty consists of all existentially-closed Boolean combinations of array pro-

perty formulae and quantifier-free T's-formulae.



Definition 4 (Read Set) The read set for a formula ¢ is the set
R :={t| a[t] € ® At not univ. quantified }

for t representing index terms that are not universally quantified index va-

riables.

Definition 5 (Bounds Set) The bounds set B for a formula ¢ is the set of

Presburger arithmetic terms that arise as root pexpr during the parsing of all

index guards in @.

Definition 6 (Index Set) The index set is the union of the reads set and
the bounds set, or {0} if both are empty.

I - {0} ifR=B=1
¢ RUB otherwise
The read set R is the set of index terms at which some array is read,
while the bounds set B is the set of index terms that define boundaries on

some array for an array property.



Decision Procedure SAT,

1. Insert predicate definitions and convert to negation normal form.

2. Apply the following rule exhaustively to remove writes:

Yla{i < e]]
Ylo] A B =e A (V)5 # i = alj] = blj])

for fresh b (write)

To meet the syntactic requirements on an index guard, we rewrite the

third conjunct as
(Vi) <i—1Vi+1<j—alj]=0lj])

3. Apply the following rule exhaustively:

YI(E)(@:(0) A v
V[or() A —ov(5)

]Z))] for fresh j (exists)

4. Apply the following rule exhaustively, where Z}} is determined by the

formula constructed in Step 3.

lﬁ[(%)(@@ - ¢V(T))]
/\ (¢r(3) = dv (i)

H n
ZEIng

(forall)

5. Associate with each n-dimensional array variable a a fresh n-ary unin-
terpreted function f,, and replace each array read ali, ..., j] by f.(4, ..., ),
or shorter, replace array reads by uninterpreted function symbols. De-
cide this formula’s satisfiability using a procedure for quantifier-free
formulae of Tryr U T, U, Th,.-

Let’s have a closer look at the decision procedure. The first step is tri-
vial, replacing occurences of predicates with their definitions and converting
the formula to negation normal form, i.e. negation occurs only immediately
above elementary propositions, and {—,V, A} are the only allowed Boolean

connectives.



The second step removes array writes a {i < e} by replacing each array
write with a new array constant b with exactly the same values as a, except
that b[i] shall equal e. In layman’s terms, the second step of SAT, replaces
an array write with a new array where the write has already happened.

The third step removes existential quantifiers by Skolemization which
may have resulted from converting to negation normal form in the first step.

The fourth step is the interesting part; S ATy rewrites universally quanti-
fied subterms to finite conjunctions by instantiating the quantified variables
over the set of index terms. Note that by definition of index guards which
only allow any of {=, <} as comparison operators, the index set Z}} not only
contains indices where writes occur, but also the indices to surrounding array
elements.

The fifth step then merely replaces array reads by uninterpreted function

symbols.

Example

Consider the array property formula

w<r<y<z ANO<k<l<n ANIl—-k>1
A sorted(0,n — 1,a {k <« w} {l « x})A sorted(0,n — 1,a{k < y} {l « 2})

(which is existentially closed). The first step of SATy4 replaces the sorted
literals with definitions; the second applies write to remove array writes. For

readability, index guards resulting from write use disequalities:

w<r<y<z ANO0<k<l<n ANl-k>1
Vi, )(0<i<j<n-—1-c[i] <c[j])

Vi, )(0<i<j<n—1-eli]<elj])
(Vi)(i 1 - bli] =cli]) A c]l]==x
(Vi)(i # k — ali] = b[]) A O[K]
(Vi) (i # 1 — di] = eli]) A e[l]zz
(Vi)(i # k — ali] = d[i]) A d[k] =

Then R = {k,l},B={0,n—1,1 —1,I+1,k—1,k+1},andZ, = {0,n — 1
kE—1,kk+1,0—1,1,1+1}. Note that R and B do not include i or j, which

> > > > > >
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are universally quantified, while B contains the terms produced by converting
disequalities to disjunctions of inequalities. Applying forall to each array
property subformula converts universal quantification to finite conjunction

over Zs. We have in particular that
clk+1] <cll| =2 <y=d[k] <dk+1],

yet clk+1] = blk+1] = a[k+1] = d[k+1] as k+1 doesn’t occur as an index
in array writes: the array a is modified only at indices k and [ with [ —k > 1.
Thus we derived a contradiction, hence the original formula is unsatisfiable.
Note that the index term k + 1 is essential for this proof, although it doesn’t

occur in the original formula.

Related Topics

Several extensions to the array property fragment result in a fragment of T%
for which satisfiability is undecidable, such as nested reads (e.g., ai[as|i]],
where 7 is universally quantified), array reads by an universally quantified
variable in the index guard, or general Presburger arithmetic expressions
over universally quantified index variables in the index guard or in the value
constraint.

Furthermore, the authors also present a decision procedure for an array
theory in which indices are uninterpreted. With reference to the correspon-
ding data structure in modern programming languages, these arrays are cal-
led maps. The corresponding decision procedure is called SAT); and, aside
from minor adjustments, is completely analogous to SAT4.

On a sidenote, there exists an implementation of SAT, for the 7VC
verifying compiler, which verifies programs written in the pi (for Prove It)

programming language.



